In this paper, we make precise the relationship between Hausdorff measure and upper convex density or H s -a.e. covering. We mainly study a class of s-sets, namely, the s-straight s-sets, especially the self-similar s-sets, which are the most important fractals in the study of fractal geometry. Sufficient and necessary conditions for the s-straight s-sets associated with H s -a.e. covering, for the upper convex density of the self-similar s-set at the simple-contracting-similarity fixed point less than 1, and for the existence of the best H s -a.e. covering of the self-similar s-set, are obtained. In addition, some results are applied to the famous classical fractals.  2005 Elsevier Inc. All rights reserved.
Introduction and preliminaries
It is well known that Hausdorff measure is an important notion in the study of fractals. The fractals that people are most interested in are s-sets, especially the self-similar s-sets, and extensively, the s-straight s-sets (see [1] [2] [3] [4] [5] [6] [7] [8] ). The self-similar s-sets are also the simplest fractals. But up to now, the computation of Hausdorff measure, even for this simplest class of fractals, is still difficult. Especially for the fractals with their Hausdorff dimensions larger than 1, how to compute Hausdorff measure remains an open problem.
Why is it so difficult to calculate the Hausdorff measure of fractals? As professor Z. Zhou once said, "the reason is neither computational trickiness nor computational capacity, but a lack of full understanding of the essence of the Hausdorff measure" (see [9] ). In order to look into the intrinsic properties of the fractals, some authors recently studied fractals by virtue of the properties of upper convex density, which are very important to the study of Hausdorff measure (see [9] [10] [11] [12] [13] ). In addition, the best covering of a self-similar set is also another useful notion in the study of Hausdorff measure (see [9] ). But here, we mainly consider H s -a.e. covering and the best H s -a.e. covering for s-sets including the s-straight s-sets especially the self-similar s-sets. In this paper, by using a classical property for s-sets and some properties on Hausdorff measure, we obtain a basic result for s-sets, and, as a result, gain a new characterization of the s-straight s-sets which is described by H s -a.e. covering. Besides, we get a sufficient and necessary condition under which the self-similar s-set does have a best H s -a.e.-closed-set covering. Finally, we also give a sufficient and necessary condition under which the upper convex density of the selfsimilar s-set at a specified point, namely, the simple-contracting-similarity fixed point, is less than 1.
Some definitions, notations and known results are from references [1, 2, [4] [5] [6] [7] [8] .
Let d be the standard distance function on R n , where R n is Euclidian n-space. Denote d(x, y) by |x − y|, ∀x, y ∈ R n . If U is a nonempty subset of R n , we define the diameter of U as |U | = sup{|x − y|: x, y ∈ U }. Let δ be a positive number. If E ⊂ i U i and 0 < |U i | δ for each i, we say that {U i } is a δ-covering of E.
Let E ⊂ R n and s 0. For δ > 0, define
Letting δ → 0, we call the limit
the s-dimensional Hausdorff measure of E. Note that the Hausdorff dimension of E is defined as
An H s -measurable set E ⊂ R n with 0 < H s (E) < ∞ is termed an s-set. A set E ⊂ R n is said to be s-straight (see [1] [2] [3] 
where
Let E be an s-set in R n . A sequence {U i } of subsets in R n is called an H s -a.e. covering (δ-covering) of E, if there is an H s -measurable subset E 0 in R n with E 0 ⊂ E and H s (E 0 ) = 0 such that {U i } is a covering (δ-covering) of E − E 0 . A sequence {U i } of subsets in R n is called a best H s -a.e. covering (δ-covering) of E if it is an H s -a.e. covering (δ-covering) of E such that
(where m is a positive integer) of subsets in R n is called a best covering of E (see [9] ), if it is a covering of E such that
Note that a sequence {U i } of H s -measurable subsets in R n is an H s -a.e. covering of E if and only if
Let E be an s-set in R n , and x ∈ R n . The upper convex density of E at x is defined as (see [6] )
Note that the above supremum may just be taken over all closed sets U in R n with x ∈ U and 0 < |U | ρ. Now we review the self-similar s-sets satisfying OSC (Open Set Condition). Let D ⊂ R n be closed. A map S : D → D is called a contracting similarity, if there is a number c with 0 < c < 1 such that
where c is called the similar ratio. It was proved by Hutchinson (see [4] ) that given m 2 and contracting similarities S i : D → D (i = 1, 2, . . . , m) with similarity ratios c i there exists a unique nonempty compact set E ⊂ R n satisfying
The set E is called the self-similar s-set for the iterated function system (IFS) {S 1 , . . . , S m }, here we assume that there is a bounded nonempty open set V such that
which is often referred to as the open set condition (OSC). In this case, we know that 0 < H s (E) < ∞ and so E is an s-set. Furthermore, we call E satisfying the strong separation condition (SSC), if E meets OSC and satisfies 
, which is referred to as k-contracting-copy of E. Obviously,
It is not hard to see that for each k 1,
Definition 1.1. Let E ⊂ R n be the self-similar s-set for the IFS {S 1 , . . . , S m } satisfying OSC and x ∈ E. x is called a contracting-similarity fixed point of E, if there are a positive integer k and (i 1 , . . . , i k ) ∈ J k such that
In particular, x is called a simple-contracting-similarity fixed point of E, if there is an
Let A and B be both nonempty compact sets in R n . Recall that the definition of Hausdorff metric is as follows (see [4] ):
which is called the open ε-neighborhood of A.
Note that throughout this paper, the fractals studied are nothing but s-sets. Thus, in the subsequent sections, if a sequence {U i } is assumed to be a (an) covering (δ-covering, H s -a.e. covering, best covering, best δ-covering or best H s -a.e. covering) of an s-set, then it is always regarded as a family of H s -measurable sets satisfying relevant conditions. Remark 1.1. In this paper, for the s-sets discussed, we pay more attention to the notion "H s -a.e. covering" or "best H s -a.e. covering" instead of "covering" or "best covering." This is due to the fact that the former is much weaker and more easily met than the latter. In fact, we have found some important fractals with their Hausdorff dimensions larger than 1, not having any best covering. Take a well-known fractal, the Koch Curve K, for example. We have known that K has no best covering, sinceD s C (K, A) < 1, where the point A is a simple-contracting-similarity fixed point of K (see Z. Zhu and Z. Zhou [13] ), noting that the fact a self-similar s-set E satisfying OSC has a best covering impliesD s C (E, x) = 1 for all x ∈ E (see Z. Zhou and L. Feng [9] ). Another example is the Sierpinski gasket S (see W. He and Z. Zhou [12] ).
A basic property of s-sets and a characterization of s-straight s-sets
For s-sets, we have the following general result. 
Proposition 2.1. Let E ⊂ R n be an s-set. The Hausdorff measure H s (E) can be described as
It follows from the definition and semi-additivity of H s δ that
Thus we get H s δ (E) H s δ (E). Therefore H s δ (E) =H s δ (E), which shows Proposition 2.1 holds when letting
In order to study the Hausdorff measure of s-sets further, we begin with a classical density property as follows.
Lemma 2.1 [6] . Let E ⊂ R n be an s-set, then
By Lemma 2.1, we obtain the following basic property of s-sets.
Proof. By Lemma 2.1, there exists an H s -measurable set E 0 ⊂ E with H s (E − E 0 ) = 0 such thatD s C (E, x) = 1, ∀x ∈ E 0 . Thus, for each 0 < ε < 1, it follows that 
As an application of Theorem 2.1, a characterization of s-straight s-sets is given as follows.
Theorem 2.2. Let E be a subset in R n . Then E is an s-straight s-set if and only if one of the following assertions holds:
(i) For any H s -a.e. covering {U i } of E, the inequality H s (E) i |U i | s holds. (ii) H s (E) = inf{ i |U i | s : {U i } is an H s -a.e.
covering of E}.
Proof. From [2] or [3] , we hold that E is an s-straight s-set if and only if the following assertion holds:
So it suffices to show that (i) ⇔ (ii) and (i) ⇔ (iii).
( 
which shows that (i) is true. 2
Corollary 2.1. Let E ⊂ R n be an self-similar s-set satisfying OSC. The Hausdorff measure H s (E) can be described as
H s (E) = inf i |U i | s : {U i } is an H s -a.e.
covering of E .

Proof. It is immediately deduced from Theorem 2.2 since here E is an s-straight s-set. 2
Remark 2.1. Theorem 2.2 gives a new characterization of s-straight s-sets which is different from Theorem 1 in [3] . In addition, the technique used in proving Theorem 2.2 here is also somewhat different.
Remark 2.2. Compared with [5, Proposition 3(i)]
, Corollary 2.1 specially stresses that the notion "H s -a.e. covering" is of importance to the study of Hausdorff measure. In addition, our method here is also different since we pay more attention to connecting upper convex density with Hausdorff measure (see Theorem 2.1 and its proof ).
A sufficient and necessary condition under which a self-similar s-set has a best H s -a.e.-closed-set covering
In this section, we will mainly discuss the self-similar s-sets satisfying OSC. First, let us use the Vitali theorem to obtain a sufficient condition under which an s-set has a best H s -a.e.-closed-set covering.
Theorem 3.1. Let E ⊂ R n be an s-set. Suppose that for H s -a.e. x ∈ E, there is a sequence {V i } i∈I of closed sets in R n such that
Then E has a best H s -a.e.-closed-set covering.
Proof. By the assumption above, there is an H s -measurable set E 0 ⊂ E with H s (E − E 0 ) = 0 such that for any x ∈ E 0 , there is a sequence {V i } i∈I of closed sets in R n with x ∈ V i and |V i | > 0 (∀i ∈ I ), satisfying (i) and (ii). Setting
we can easily see from (3.1) that Γ is a Vitali class of closed sets for E 0 . Using the Vitali theorem (see [6, Theorem 1.10(a)]), we find a disjoint sequence of sets
Hence H s (E 0 − j U j ) = 0, and so H s (E − j U j ) = 0. On the other hand, we have
which shows that the conclusion of Theorem 3.1 holds. 2
It is an interesting thing that the converse of Theorem 3.1 will hold if the s-set discussed is replaced by the self-similar s-set satisfying OSC. Now we show this result. At first, let us give a number of useful lemmas.
Lemma 3.1 [14] . Let E ⊂ R n be a self-similar s-set satisfying OSC. Then for each H s -measurable subset U in R n , we have
Note that Lemma 3.1 can be deduced from [3, Theorem 1]. Since, as a self-similar s-set, E is also an s-straight s-set. Lemma 3.2. Let E ⊂ R n be a self-similar s-set satisfying OSC and δ > 0. Suppose that for H s -a. e. x ∈ E, there exists a sequence {V i } i∈I of subsets in R n such that
Proof. By the assumption above, there is an
Thus, for each k 1 and (i 1 , . . . , i k ) ∈ J k , we see
It follows from (3.2) and (1.3) that for each k 1,
Hence we have
where c = max{c 1 , . . . , c m } < 1. Thus, by Lemma 3.1, we have 
Proof. ⇒: Suppose E has a best H s -a.e.-closed-set covering {U i }, then {U i } is a best H s -a.e. δ-covering consisting of closed subsets in R n . So by Lemma 3.2 and Remark 3.1, there is a sequence {V i } i∈I of closed subsets in R n satisfying (i) and (ii). ⇐: It is obvious by Theorem 3.1 since a self-similar set satisfying OSC is an s-set. 2
A sufficient and necessary condition under which the upper convex density is less than 1
In this section, we study the relationship between upper convex density and Hausdorff measure for the self-similar s-sets satisfying SSC.
Let E be a self-similar s-set satisfying OSC, then by the famous Banach fixed point theorem for contracting mappings (sometimes referred to as the contraction principle), we know that for each k 1 and any k-contracting-copy E i 1 ···i k , there is at least a contractingsimilarity fixed point of E in E i 1 ···i k . It is not hard to see that the set of all contractingsimilarity fixed points of E is dense in E. Lemma 4.1 [15] . Let E ⊂ R n be a self-similar s-set satisfying OSC. Suppose that there is a compact subset U in R n such that H s (E ∩ U) = |U | s . Then for each contracting-similarity fixed point x of E in U , we haveD s C (E, x) = 1.
Corollary 4.1. Let E ⊂ R n be a self-similar s-set satisfying OSC and x be a contractingsimilarity fixed point of E. SupposeD s C (E, x) < 1, then we must have H s (U ) < |U | s for each compact set U in R n with x ∈ U , |U | > 0 and U ⊂ E.
In [15] , the authors wondered if the converse of Lemma 4.1 above holds and thus posed a conjecture for it. The conjecture is as follows:
Conjecture 4.1 [15] . Let E ⊂ R n be a self-similar s-set satisfying OSC. Suppose that x is a contracting-similarity fixed point of E. 
Applications
In this section, we use some of the main results to discuss a number of famous classical fractals. 3 4, E = C × C, i.e., E is the Cartesian product of the middle third Cantor set with itself. Assume that E is yielded by the unit square ABCD, i.e., A, B, C and D are the four vertexes of C × C (see [9, Figure 4] ). Obviously, each of these four vertexes is a simple-contracting-similarity fixed point E and E ⊂ R 2 is a self-similar s-set satisfying SSC. Hence, by Corollary 4.2, we have the following conclusion:
Suppose that x is any simple-contracting-similarity fixed point of C × C, i.e., x is A, B, C or D. ThenD s C (C × C, x) < 1 if and only if H s (U ) < |U | s for each compact set U in R 2 with x ∈ U , |U | > 0 and U ⊂ C × C. Remark 5.1. As is shown in Example 5.3, it seems that we make a little progress in coping with the Conjecture B in [9] . In order to support this conjecture, we further pose another one as the end of this paper. 
